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Abstract
We present a method for calculation of the second-order exchange-dispersion energy in
the framework of the symmetry-adapted perturbation theory (SAPT) for weakly interacting
monomers described with multiconfigurational wave functions. The proposed formalism is
based on response properties obtained from extended random phase approximation (ERPA)
equations and assumes the single-exchange (S2) approximation. The approach is applicable to
closed shell systems where static correlation cannot be neglected or to systems in nondegenerate
excited states. We examine the new method in combination with either generalized valence
bond perfect pairing (GVB) or complete active space self consistent field (CASSCF) description
of the interacting monomers. For model multireference dimers in ground-states (H2· · ·H2,
Be· · ·Be, He· · ·H2) exchange-dispersion energies are reproduced accurately. For the interaction
between the excited hydrogen molecule and the helium atom we found unacceptably large errors
which is attributed to the neglect of diagonal double excitations in the employed approximation
to the linear response function.
1 Introduction
Decomposition of the intermolecular interac-
tion energy into physically meaningful contri-
butions requires partitioning of the system into
fragments, the mutual interaction of which may
be described either with variational of pertur-
bational methods.1,2 In symmetry-adapted per-
turbation theory (SAPT)3,4 the interaction en-
ergy is expanded in the intermolecular inter-
action operator and the proper permutational
symmetry of the total wave function is imposed
by the use of antisymmetrizer operators in each
order. Symmetry forcing leads to the emer-
gence of exchange energy corrections which are
vital for the correct description of the short-
range repulsion.
In contrast to the supermolecular method,
in SAPT one computes the interaction energy
directly, based solely on monomer properties.
Since the dimer calculation is never performed,
one avoids the basis set superposition error.
Over the last four decades, SAPT has been
developed into a practical and effective tool
for calculation of noncovalent interactions and
their interpretation.5–7 In spite of the growing
popularity of the method, the existing many-
electron formulations are limited to the single-
reference description of the monomers. This
work addresses the problem of extending SAPT
to interactions between molecules which feature
significant static correlation effects and cannot
be described by a single Slater determinant.
We introduce and discuss a new multireference
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approach to obtain the second-order exchange
energy contribution responsible for damping of
the dispersion energy.
In the second order of SAPT it is natural to
distinguish exchange-induction and exchange-
dispersion contributions. At the van der Waals
minimum the exchange-induction energy damp-
ens a substantial part of its induction coun-
terpart, while the exchange-dispersion compo-
nent quenches only up to 15% of the dispersion
energy. In spite of that, exchange-dispersion
component cannot be neglected if a quantita-
tive description of a dimer is needed. Semi-
classical and nonlocal models of the dispersion
interaction represent the exchange-dispersion
contribution using a model damping function,
e.g., of the Tang-Toennis form.8–10 In many-
body aggregates the nonadditive, three-body
part of exchange-dispersion energy plays an
important role, as it may be comparable to
or even larger than the three-body dispersion
contribution.11–13 An illustrative example is
the argon crystal where nonadditive exchange-
dispersion effects differentiate between the face-
centered cubic and hexagonal closed-packed
structures.14
First direct calculations of the exchange-
dispersion energy were performed for the H +2
ion15,16 and for the helium dimer.17 In 1977
Chałasiński and Jeziorski18 derived the explicit
many-electron formula for the interaction of
closed-shell monomers in terms of pair func-
tions (the orbital version was given later by
Rybak et al.19). Since the pioneering work
on the Be-Be dimer,18 many-body SAPT (MB-
SAPT)6 calculations of the exchange-dispersion
correction routinely invoke several important
approximations. First, electron correlation ef-
fects within the noninteracting monomers are
neglected which is equivalent to the Hartree-
Fock-based SAPT (HF-SAPT) approach. Sec-
ond, calculations are usually performed at the
uncoupled level of theory, i.e., without account-
ing for the change of monomer orbitals due to
the perturbation field of the interacting partner.
Finally, only terms up to the second order in the
intermonomer overlap are kept in the exchange
energy expression, which is referred to as the
single-exchange or the S2 approximation.20
Inclusion of intramonomer correlation ef-
fects in the exchange-dispersion contribution
is currently possible in two different SAPT
flavors. DFT-SAPT21 and the equivalent
SAPT(DFT)22 approaches combine Kohn-
Sham description of the interacting monomers
with response properties from time-dependent
Kohn-Sham (TD-KS) equations. Although
one-electron reduced density matrices required
in SAPT exchange energy calculations cannot
be accurately reproduced at the Kohn-Sham
level of theory even in the exact exchange-
correlation functional limit,23 numerical expe-
rience has proven that their use provides ex-
change energy components which closely match
available benchmarks for single-reference sys-
tems.24,25 Open-shell exchange-dispersion for-
mulas valid for both Kohn-Sham and Hartree-
Fock treatment of high-spin systems also exist
in the literature.26–28 An alternative way to
account for intramonomer correlation is the
SAPT(CC) method24,29,30 developed by Ko-
rona. SAPT(CC) is based on coupled clus-
ter monomer wave functions limited to single
and double excitations (CCSD) and response
properties obtained from time-independent
CCSD31 calculations. In her work on the
exchange-dispersion component,24 Korona in-
troduced a new expression in terms of monomer
density-matrix susceptibilities and density ma-
trices. This allowed her not only to derive the
SAPT(CC) variant, but also to give theoretical
background for the coupled approach. The lat-
ter had been proposed earlier by Hesselmann
and co-authors21 in the DFT-SAPT context,
yet rigorous derivation had been missing. In
general, the quality of exchange-dispersion en-
ergies based on transition density matrices from
coupled Kohn-Sham or coupled Hartree-Fock
calculations is significantly better when com-
pared to the uncoupled result.24
Second-order exchange energies correct
through all orders in intermolecular overlap
may be obtained for single-determinant ground-
state wave functions following the approach by
Schäffer and Jansen.32,33 Their DFT-SAPT re-
sults showed that the S2 approximation tends
to slightly overestimate the exchange-dispersion
energy for intermediate distances and breaks
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down at short intermonomer separation, where
this contribution may become negative.33
One of the ongoing challenges for SAPT is
the extension towards many-electron molecules
which demand a multireference treatment. Re-
cently, we have described a method for calculat-
ing second-order dispersion energy in such sys-
tems.34 The proposed approach is based on re-
sponse properties from extended random phase
approximation (ERPA)35,36 equations. In this
work we adopt the ERPA framework to de-
rive an expression for the second-order SAPT
exchange-dispersion energy. We present a spin-
summed natural-orbital formula in the S2 ap-
proximation applicable to both ground- and ex-
cited states of the monomers in singlet spin
states. Our ERPA-based expression scales with
the sixth-power of the size of the system and
may be applied with any multireference method
which provides one- and two-electron reduced
density matrices. We consider wave functions
of two kinds: the complete active space (CAS)
reference and generalized valence bond perfect
pairing (GVB) ansatz. Both coupled and un-
coupled approximations are compared and dis-
cussed.
Another important step in the direction of a
multireference SAPT formulation has recently
been made by Patkowski and co-workers37,38
who devised a spin-flip variant of SAPT (SF-
SAPT) to calculate first-order exchange en-
ergy correction for an arbitrary spin state of
the dimer. In their method a multireference
low-spin state of the complex is approached
starting from high-spin restricted open-shell
Hartree-Fock (ROHF) monomer wave func-
tions. The original SF-SAPT paper37 presented
a first-order exchange formula limited to single-
exchange of electrons. Subsequently, Waldrop
and Patkowski38 were able to move beyond the
S2 limit and introduced a milder and more ac-
curate single-spin-flip approximation based on
the ideas of Schäfer and Jansen.
The outline of the paper is as follows: In
Section 2 the exchange-dispersion energy is ex-
pressed in terms of one- and two-electron re-
duced density matrices from ERPA calcula-
tions. Both the scaling behavior of the intro-
duced multireference variant as well as its re-
lation to the single reference case are briefly
discussed. Section 3 contains the relevant de-
tails regarding our implementation and com-
putations. Numerical demonstration for repre-
sentative multi- and single-reference-dominated
dimers is given in Section 4. Section 5 concludes
our study.
2 Theory
We consider interaction of two monomers A and
B in states |ΨAI 〉 and |Ψ
B
J 〉, respectively, with
the corresponding energies EAI and E
B
J . Con-
sequently the zeroth-order wave function of a
dimer reads |Ψ(0)〉 = |ΨAI Ψ
B
J 〉. Indices I and J
do not necessarily correspond to ground states,
i.e., one or both of the monomers may be in
electronically excited state. The only assump-
tion in the presented formalism is that |Ψ(0)〉 is
nondegenerate.
The general expression for the second-order
exchange-dispersion term in the symmetrized
Rayleigh-Schrödinger theory (SRS) takes the
following form:
E
(2)
exch−disp =
〈ΨAI Ψ
B
J |
(
Vˆ − E(1)SRS
)
AˆΨ(1)disp〉
〈ΨAI Ψ
B
J |AˆΨ
A
I Ψ
B
J 〉
− 〈ΨAI Ψ
B
J |VˆΨ
(1)
disp〉 ,
(1)
where the intermolecular interaction operator
Vˆ represents all Coulomb interactions between
electrons and nuclei of the two monomers, Aˆ
is the antisymmetrizer that exchanges electrons
between the monomers, E(1)SRS denotes the first-
order energy in SRS, and |Ψ(1)disp〉 is the first-
order dispersion wave function
Ψ
(1)
disp =
∑
µ6=I,ν 6=J
|ΨAµΨ
B
ν 〉 〈Ψ
A
µΨ
B
ν |Vˆ |Ψ
A
I Ψ
B
J 〉
EAI + E
B
J −E
A
µ − E
B
ν
,
(2)
so the last term in Eq. (1) denotes the
second-order dispersion energy E(2)disp =
〈ΨAI Ψ
B
J |VˆΨ
(1)
disp〉. Greek indices used in Eq. (2)
and throughout the paper pertain to electronic
states of monomers.
In the S2 approximation20 one restricts the
antisymmetrizer in Eq. (1) to single-exchange of
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electrons between the monomers: Aˆ ≈ 1ˆ + Pˆ1,
with Pˆ1 being the sum of all permutations, Pˆij,
interchanging the coordinates of electrons i and
j
Pˆ1 = −
NA∑
i=1
NA+NB∑
j=1+NA
Pˆij , (3)
NA and NB denoting the number of electrons in
pertinent monomers. The exchange-dispersion
energy in this approximation reads:18,39
E
(2)
exch−disp = 〈Ψ
A
I Ψ
B
J |Vˆ Pˆ1Ψ
(1)
disp〉
−E(1)elst〈Ψ
A
I Ψ
B
J |Pˆ1Ψ
(1)
disp〉
−E(2)disp〈Ψ
A
I Ψ
B
J |Pˆ1Ψ
A
I Ψ
B
J 〉 ,
(4)
where E(1)elst = 〈Ψ
A
I Ψ
B
J |Vˆ |Ψ
A
I Ψ
B
J 〉 is the first-
order electrostatic energy.
Evaluation of Eq. (4) requires access to one-
and two-electron transition reduced density
matrices of the monomers (1-TRDMs and 2-
TRDMs, respectively). In this work we focus on
multireference description of the system and ex-
plore the possibility to obtain the necessary re-
sponse properties from Rowe’s equation of mo-
tion (REOM) theory40 in the extended random
phase approximation.35 The 1-TRDM connect-
ing a state of interest |Ψ〉 with a higher- or lower
state |Ψν〉,
γνpq = 〈Ψ|aˆ
†
qaˆp|Ψν〉 , (5)
has the following form in the REOM-ERPA
framework:35,41
∀p>q γ
ν
pq = −(np − nq) [Xν ]pq , (6)
∀p<q γ
ν
pq = −(np − nq) [Yν ]qp , (7)
where we assumed natural spinorbital represen-
tation of the wave function |Ψ〉. Throughout
the text the indices pqrs pertain to natural or-
bitals of monomers. The formalism is developed
for monomers in singlet states so the natural
occupation numbers for α and β spin-blocks of
one-electron reduced density matrix (1-RDM)
are equal and ∀p 0 ≤ np ≤ 1, the occupation
numbers sum up to half a number of electrons,∑
p np = N/2. Vectors [Xν ,Yν ] correspond to
solutions of the the generalized ERPA eigen-
problem:41
(
A B
B A
)(
Xν
Yν
)
= ων
(
−N 0
0 N
)(
Xν
Yν
)
,
(8)
with the metric matrix expressed through the
natural occupation numbers {np}:
∀p>q
r>s
Npq,rs = (np − nq)δprδqs . (9)
Eigenvalues {ων} provide approximations to
electronic excitation energies of a system. The
ERPA equations are solved independently for
each of the monomers (in Eq. (5)-(9) the
monomer index was dropped for convenience).
For a given monomer Hamiltonian Hˆ and a
reference wave function |Ψ〉 the matrices A
and B are defined as [A]pqrs = [B]pqsr =〈
Ψ|[aˆ†paˆq, [Hˆ, aˆ
†
saˆr]]|Ψ
〉
and are expressed ex-
clusively in terms of one- and two-electron re-
duced density matrices of the system (for their
explicit GVB- and CAS-based forms see Refs.
36 and 42, respectively). The reference wave-
function of a monomer pertains to a state of
interest I. In a special case when |Ψ〉 is a sin-
gle determinant the ERPA equations turn into
those of TD-HF.
If the monomer is in the ground state, it
is convenient to formulate ERPA equations as
a half-sized real-value symmetric eigenproblem
making use of the fact the A+B and A−B ma-
trices (the electronic Hessian matrices) are pos-
itive definite. When the monomer wave func-
tion represents a system in the excited state, we
solve a nonsymmetric real-value eigenproblem,
as described in Ref. 43.
Application of the ERPA approach together
with a CAS or GVB multireference wave func-
tion involves partitioning the orbital space into
three disjoint subsets denoted s1, s2 and s3.34
In the case of a CAS reference s1, s2 and s3
correspond to the inactive, active and virtual
orbitals, respectively. For the GVB wave func-
tion, the s1 set contains orbitals with occupa-
tion numbers np > 0.992. The s2 set includes
orbitals which satisfy the 0.992 ≥ np ≥ 0.5
condition together with their “weakly” occupied
partners which are coupled to form geminals.
The s3 set hosts the remaining orbitals with
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occupation numbers np < 0.5. The p, q indices
of the ERPA matrices belong to the following
subspaces:
p ∈ s2 ∧ q ∈ s1
p ∈ s3 ∧ q ∈ s1
p ∈ s2 ∧ q ∈ s2
p ∈ s3 ∧ q ∈ s2,
(10)
with r, s indices spanning the equivalent range.
In the following we will use Ms1 , Ms2 and Ms3
symbols to represent the cardinalities of the or-
bital subsets.
In all derivations we assume spin-preserving
adaptation of the ERPA excitation operator,
which is equivalent to imposing the [Xν ]pαqα =
[Xν ]pβqβ and [Xν ]pαqβ = [Xν ]pβqα = 0 restrictions
on eigenvectors (same holds for [Yν ]). Conse-
quently, only the αα and ββ blocks of the 1-
TRDM are nonzero. Additionally, for singlet
states αα and ββ blocks are equal: γνpαqα = γ
ν
pβqβ
= γνpq.
An important step in deriving the expression
for the exchange-dispersion energy is finding the
ERPA form of the 2-TRDM defined as
Γνpqrs = 〈Ψ|aˆ
†
raˆ
†
saˆqaˆp|Ψν〉 . (11)
This can be achieved within the REOM theory,
in which transition matrix elements of a given
operator Fˆ are accessed as expectation values of
a commutator of Fˆ and the excitation operator
Oˆ†ν :
〈Ψ|Fˆ |Ψν〉 = 〈Ψ|
[
Fˆ , Oˆ†ν
]
|Ψ〉 , (12)
and it is assumed that the excitation operator
creates |Ψν〉 as Oˆ†ν |Ψ〉 = |Ψν〉, while the de-
excitation operator Oˆν satisfies the condition
Oˆν |Ψ〉 = 0. The combination of ERPA excita-
tion operator truncated to single excitations
Oˆ†ν =
∑
p>q
[Xν ]pq aˆ
†
paˆq +
∑
p>q
[Yν ]pq aˆ
†
qaˆp , (13)
with Fˆ = aˆ†raˆ
†
saˆqaˆp leads to the half of spin-
summed expression for 2-TRDM:
Γ¯νpqrs = Γ
ν
pαqαrαsα + Γ
ν
pβqαrβsα
=
∑
t<p
[Xν ]ptΓ¯tqrs +
∑
t<q
[Xν]qtΓ¯ptrs
−
∑
t>r
[Xν ]trΓ¯pqts −
∑
t>s
[Xν ]tsΓ¯pqrt
+
∑
t>p
[Yν ]tpΓ¯tqrs +
∑
t>q
[Yν ]tqΓ¯ptrs
−
∑
t<r
[Yν ]rtΓ¯pqts −
∑
t<s
[Yν ]stΓ¯pqrt ,
(14)
where Γ¯pqrs is the half of the spin-summed 2-
RDM, Γpqrs = 〈Ψ|aˆ†raˆ
†
saˆqaˆp|Ψ〉, i.e., Γ¯pqrs =
Γpαqαrαsα + Γpβqαrβsα. Analogous expression
holds for the ββββ + αβαβ component of 2-
TRDM. In subsequent derivations we make use
of the fact that both monomers are in spin-
singlet states (pertinent α and β blocks of TR-
MDs are equal) and that both the exact 2-
TRDM and its ERPA approximation, Eq.(14),
satisfy the sum-rule
∑
p
Γνpqps = (N − 1)γ
ν
qs , (15)
where N is a number of electrons.
From now on, indices ijkl pertain to atomic
orbitals {χ(r)}, whereas, as it has been already
indicated, indices pqrs . . . refer to natural or-
bitals {ϕ(r)}. The effective two-electron po-
tential v˜(r, r′) has the form:
v˜(r, r′) = |r− r′|−1 +
1
NB
vB(r) +
1
NA
vA(r′) ,
(16)
with vX(r) = −
∑
α∈X Zα|r−Rα|
−1, where the
summation runs over all nuclei of monomer X.
Its matrix representation is
v˜rspq =
〈
ϕp(r)ϕq(r
′)|v˜(r, r′)|ϕr(r)ϕs(r
′)
〉
= vrspq +N
−1
B 〈ϕp|v
B|ϕr〉
(
δqsδXqXs + S
s
q (1− δXqXs)
)
+N−1A 〈ϕq|v
A|ϕs〉
(
δprδXpXr + S
r
p(1− δXpXr)
)
,
(17)
where a given orbital ϕp may belong either to
monomer Xp = A or Xp = B, Sqp is the over-
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lap integral Sqp = 〈ϕp|ϕq〉. Notice that nat-
ural orbitals belonging to the same monomer
are orthonormal and ∀pq∈X Sqp = δpq. A regu-
lar two-electron Coulomb integral is denoted as
vrspq = 〈ϕp(r1)ϕq(r2)|r
−1
12 |ϕr(r1)ϕs(r2)〉.
The exchange-dispersion energy is size-
extensive, provided that N-representable RDMs
and size-extensive TRDMs are employed.
Therefore, the last two disconnected terms in
Eq. (4) should cancel with contributions from
the first term. Korona introduced transition
density cumulants24,30 to explicitly carry out
the cancellation. Since we do not exploit the
cumulant expansion, the disconnected terms
have to be kept.
When Eq. (4) is rewritten in terms of tran-
sition density matrices, it is straightforward to
recognize its structure within the ERPA frame-
work. This leads to the following formula:
E
(2)
exch−disp = 8
∑
µ,ν
Dµνsµν
ωAµ + ω
B
ν
− 8
(
E
(1)
elst − V
AB
)∑
µ,ν
sµνtµν
ωAµ + ω
B
ν
+ 2E
(2)
disp
∑
ijkl
γAijγ
B
klS
l
iS
k
j .
(18)
where V AB is the internuclear repulsion energy.
The last term includes 1-RDMs of monomers
in the AO basis, namely γXAO = [C
X ]TnXCX ,
where CX transform atomic orbitals to the nat-
ural orbitals of the monomer X and nX is a
vector of the natural occupation numbers of X.
The electrostatic energy that appears in the sec-
ond term in the AO basis reads
E
(1)
elst = 2
∑
ij
γAijv
B
ij + 2
∑
ij
γBijv
A
ij
+ 4
∑
ijkl
γAijγ
B
klv
jl
ik + V
AB .
(19)
The dispersion energy in ERPA takes the
form:34,44
E
(2)
disp = −16
∑
µ,ν
(∑
pq∈A
rs∈B
γA,µpq γ
B,ν
rs v
qs
pr
)2
ωAµ + ω
B
ν
= −16
∑
µ,ν
s2µν
ωAµ + ω
B
ν
,
(20)
where ωA/Bµ/ν denotes transition energies ob-
tained as eigenvalues of the ERPA problem,
Eq. (8), solved separately for each monomer,
1-TRDM is obtained as shown in Eq. (7), and
the matrix s employed also in Eq. (18) is defined
as
sµν =
∑
p>q∈A
r>s∈B
(
[YAµ ]pq − [X
A
µ ]pq)([Y
B
ν ]rs − [X
B
ν ]rs
)
× (np − nq)(nr − ns)v
qs
pr .
(21)
The remaining intermediates in Eq. (18) read
tµν =
∑
pq∈A
rs∈B
γA,µpq γ
B,ν
rs S
s
pS
r
q
=
∑
p>q∈A
r>s∈B
(
[XAµ ]pq[X
B
ν ]rs + [Y
A
µ ]pq[Y
B
ν ]rs
)
× (np − nq)(nr − ns)S
s
pS
r
q
−
∑
p>q∈A
r>s∈B
(
[YAµ ]pq[X
B
ν ]rs + [X
A
µ ]pq[Y
B
ν ]rs
)
× (np − nq)(nr − ns)S
r
pS
s
q
(22)
and
Dµν =
∑
pq∈A
rs∈B
γA,µpq γ
B,ν
rs v˜
rs
qp +
∑
pq∈A
rsbb′∈B
γA,µpq Γ¯
B,ν
rsbb′S
b′
p v˜
sr
qb
+
∑
pqaa′∈A
rs∈B
γB,νrs Γ¯
A,µ
pqaa′S
r
a′ v˜
as
pq
+
∑
pqaa′∈A
rsbb′∈B
Γ¯A,µpqaa′Γ¯
B,ν
rsbb′S
b′
q S
s
a′ v˜
ab
pr .
(23)
Expansion of 1- and 2-TRDMs according to
Eq. (7) and Eq. (14), respectively, unfolds the
6
structure of the Dµν matrix:
Dµν =
∑
p>q∈A
r>s∈B
[XAµ ]pq[X
B
ν ]rs
[
(np − nq)(nr − ns)v˜
rs
qp
+ (nr − ns)P
A
pqrs + (np − nq)P
B
pqrs − P
AB
pqrs
]
+
∑
p>q∈A
r>s∈B
[YAµ ]pq[Y
B
ν ]rs
[
(np − nq)(nr − ns)v˜
sr
pq
− (nr − ns)P
A
qpsr − (np − nq)P
B
qpsr − P
AB
pqrs
]
+
∑
p>q∈A
r>s∈B
[XAµ ]pq[Y
B
ν ]rs
[
− (np − nq)(nr − ns)v˜
sr
qp
− (nr − ns)P
A
pqsr + (np − nq)P
B
pqsr − P
AB
pqsr
]
+
∑
p>q∈A
r>s∈B
[YAµ ]pq[X
B
ν ]rs
[
− (np − nq)(nr − ns)v˜
rs
pq
+ (nr − ns)P
A
qprs − (np − nq)P
B
qprs − P
AB
pqsr
]
(24)
where we have introduced PX matrices defined
as
PApqrs =
∑
aa′∈A
(
NAaa′prv˜
as
qa′ −N
A
qa′ar v˜
as
pa′ −N
A
aqa′rv˜
as
a′p
)
+OApsS
r
q
(25)
PBpqrs =
∑
bb′∈B
(
NBbb′rpv˜
b′s
qb −N
B
sb′bpv˜
b′r
qb −N
B
bsb′pv˜
rb′
qb
)
+OBrqS
s
p
(26)
PABpqrs =
∑
a∈A
b∈B
(
Taqbsv˜
ab
pr + Taqrbv˜
as
pb
+ Tpabsv˜
qb
ar + Tparbv˜
qs
ab
+ UAaqbsV
B
parb + U
A
aqrbV
B
pabs
+ UApabsV
B
aqrb + U
A
parbV
B
aqbs
+ V AaqbsU
B
parb + V
A
aqrbU
B
pabs
+ V ApabsU
B
aqrb +
A
parb U
B
aqbs
+WaqbsS
b
pS
r
a +WaqrbS
s
pS
b
a
+WpabsS
b
aS
r
q +WparbS
s
aS
b
q
)
(27)
with the following intermediates
NAtuvw =
∑
a∈A
Γ¯AtuvaS
w
a , N
B
tuvw =
∑
b∈B
Γ¯BtuvbS
b
w
(28)
OAtu =
∑
aa′a′′∈A
Γ¯Ataa′a′′ v˜
a′′u
aa′ , O
B
tu =
∑
bb′b′′∈B
Γ¯Btbb′b′′ v˜
b′b
ub′′
(29)
UAtuvw =
∑
aa′∈A
Γ¯Ataua′S
v
aS
w
a′ , U
B
tuvw =
∑
bb′∈B
Γ¯Bbvb′wS
b
tS
b′
u
(30)
V Atuvw =
∑
aa′∈A
Γ¯Ataua′ v˜
a′w
av , V
B
tuvw =
∑
bb′∈B
Γ¯Bbvb′wv˜
ub′
tb
(31)
Ttuvw =
∑
aa′∈A
bb′∈B
Γ¯Ataua′ Γ¯
B
bvb′wS
b
a′S
b′
a
=
∑
bb′∈B
( ∑
aa′∈A
Γ¯Ataua′S
b′
a S
b
a′
)
Γ¯Bbvb′w
=
∑
bb′∈B
UAtub′bΓ¯
B
bvb′w
(32)
Wtuvw =
∑
aa′∈A
bb′∈B
Γ¯Ataua′ Γ¯
B
bvb′wv˜
a′b′
ab
=
∑
bb′∈B
( ∑
aa′∈A
Γ¯Ataua′ v˜
a′b′
ab
)
Γ¯Bbvb′w
=
∑
bb′∈B
V Atubb′Γ¯
B
bvb′w
(33)
(indices in all intermediates correspond to nat-
ural orbitals of the pertinent monomers).
The expression for the exchange-dispersion
energy, Eq.(18), has been proposed primarily to
use it together with the multireference descrip-
tion of monomers. Naturally, it is also appli-
cable when both monomers are described with
single determinants. As it has already been
mentioned, in such a case the ERPA equations
become equivalent to the TD-HF approach,
so the resulting density-matrix-based expres-
sion45 for the exchange-dispersion energy could
be called “coupled” HF. It should be noticed
that it would not be identical to the “coupled”
HF equation proposed by Hesselmann et al. in
Eq.(20) in Ref. 21. The latter was obtained by
replacing the uncoupled amplitudes in the ex-
pression derived by applying second quantiza-
tion formalism46 with the coupled ones. Later,
this approach gained theoretical justification
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from Korona,24 who derived a generally valid
formula written in terms of density matrices
and frequency-dependent density- and density-
matrix susceptibilities, and recovered results of
Hesselmann et al. by employing the same cou-
pled HF amplitudes. Our expression could in
principle also be turned into the coupled ap-
proach proposed by Hesselmann et al. (imple-
mented in Molpro47) by setting the X com-
ponents of the ERPA eigenvectors to zero and
replacing the Y components in Eq. (18)-(33)
by the pertinent Y −X combinations. This is
equivalent to the use of symmetrized 1-TRDMs
from TD-HF or TD-KS equations (see Sup-
plementary Information for details). We have
exploited such replacements to test our code
against the Molpro implementation for sin-
gle reference cases. We have also verified that
for the Hartree-Fock reference our approach and
the one presented in Ref. 21 lead to nearly
identical numerical results (see Table S1 in the
Supporting Information), if applied to systems
which do not require multireference description.
However, if used for multireference systems, the
two formulations may give substantially differ-
ent results, as we observed for the beryllium
dimer (see Section 4.1). In such a situation
there is no reason to trust more one result over
the other.
Evaluation of Eq. (18) scales with the sixth
power of the molecular size. The construction
of matrices PA, PB and PAB [Eq. (??)-(27)] en-
gages two four-index quantities (2-RDMs, inte-
grals or intermediates) and has the n4OCCn
2
SEC
cost, where nOCC = Ms1 + Ms2 and nSEC =
Ms2 + Ms3 . The evaluation of matrix D in
Eq. (24) scales as n3OCCn
3
SEC. Note that the
diagonalization of the full ERPA eigenprob-
lem also scales as n3OCCn
3
SEC. By compari-
son, the single-reference density-matrix-based
expression scales with the fifth power of the
system size and involves steps with a M3s1M
2
s3
scaling (the s2 space is empty).
It is possible to devise low-scaling approxi-
mations to the exchange-dispersion energy for-
mula by employing the Dyall partitioning of
the monomer Hamiltonian48,49 in ERPA equa-
tions. The response properties may be subse-
quently expanded in the coupling parameter α
which connects the zeroth-order, noninteract-
ing Hamiltonian and the fully interacting one.34
Truncation of this expansion at the zeroth or-
der leads the so-called uncoupled approxima-
tion, denoted EUCexch−disp. The uncoupled for-
mula is identical to the coupled one with ERPA
eigenvectors and eigenvalues replaced by their
approximations of the zeroth-order in α [this is
analogous to the uncoupled formula for disper-
sion, see Eq. (26) in Ref. 34]. The improved
scaling behavior in the uncoupled model comes
from reduction in the dimensionality of the
ERPA eigenproblem. In particular, the elec-
tronic hessian matrices take a block-diagonal
form in the α = 0 limit, provided that the
set of active orbitals is not empty.42 Thus, one
avoids diagonalization of the full hessian ma-
trix which scales with the sixth power of the
molecular size. Instead, if CAS wavefunction
is employed one solves only a number of low-
dimensional eigenproblems, the largest of which
is the active-active block with a M6s2 scaling.
This is still beneficial, since in standard CAS
calculations the number of active orbitals is
considerably smaller than the size of the virtual
space. In GVB-based calculations the zeroth-
order hessian matrix takes diagonal form which
reduces the scaling to M5s2 .
Similarly to what has been proposed for the
dispersion energy in Ref. 34 a semi-coupled,
i.e., first-order in α, approximation for the
exchange-dispersion energy could be derived
in a straightforward manner. The scaling of
the latter would place in between of the fully-
coupled and uncoupled approaches. In this pa-
per we present only results following from the
fully-coupled and uncoupled expressions.
3 Computational details
Second-order exchange-dispersion energies
based on the HF, CASSCF, GVB and FCI
treatment of the monomers were obtained with
the in-house code. We used a developer version
of the Molpro program47 as a source of all
necessary integrals as well as 1- and 2-RDMs
for Hartree-Fock and CASSCF wave functions.
The GVB calculations were performed in the
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Dalton program50 and interfaced with our code.
Both GVB and CASSCF calculations presented
in Section 4.2 used MP2 natural orbitals as the
starting guess. For details on the GVB imple-
mentation see Ref. 51.
Second-order dispersion and exchange-
dispersion energies based on time-independent
CCSD52 response functions, denoted SAPT(CCSD),24,53
were calculated in the Molpro47 pack-
age. Note that all exchange components in
SAPT(CCSD) are formulated within the S2
approximation.
All calculations were performed using aug-
mented correlation-consistent orbital basis sets
of double- and triple-zeta quality (aug-cc-
pVXZ, X = D,T).54,55 A larger, doubly-
augmented d-aug-cc-pVTZ basis56 was chosen
for the He· · ·H2 complex. Monomer calcula-
tions were performed in the dimer-centered ba-
sis set.
The benchmark second-order exchange-
dispersion energies at the FCI level of theory
for the H2· · ·H2 and He· · ·H2 systems were ob-
tained from a direct implementation of the FCI
exchange-dispersion energy based on transition
density matrices from full response equations
(see Supporting Information for details). The
results have been tested against a different,
house-developed code specific for interactions
between two two-electron monomers in singlet
states. In this case solutions corresponding
to the considered physical singlet state of the
dimer may be accessed by projection onto the
appropriate irreducible representation of the
symmetric S4 group (represented by the Young
tableau [22]).57
Apart from calculations for model few-
electron system, we verified the accuracy of
the ERPA-based exchange-dispersion energies
for many-electron dimers from the data set
introduced by Korona25 (denoted TK21) and
dimers from the A24 data set58 by Řezáč and
Hobza. The same qualitative trends were ob-
served for both sets. In Section 4.2 we present
TK21 results in the aug-cc-pVDZ basis set
for which benchmark SAPT(CCSD) values are
available.25 The aug-cc-pVTZ results for both
TK21 and A24 data sets are provided in the
Supporting Information.
When the reference Eexch−disp,ref energy is
known, relative percent errors are obtained with
the formula
∆ =
Eexch−disp − Eexch−disp,ref
|Eexch−disp,ref |
· 100% . (34)
The negative and positive values of ∆ corre-
spond to under- and overestimation of the mag-
nitude of the reference exchange-dispersion en-
ergy.
4 Results
4.1 Multireference model sys-
tems: H2· · ·H2, Be· · ·Be and
He· · ·H2
In this section we examine the accuracy of
the ERPA-based exchange-dispersion energy in
three model systems of a multireference charac-
ter: H2· · ·H2, Be· · ·Be and He· · ·H2(1
1Σ+g , 1
1Σ+u , 1
1Πu) dimers. In each of the monomers
(He, H2 and Be) two electrons were kept active.
We begin with the analysis of the H2· · ·H2
system. The dimer is kept in the T-shaped ge-
ometry and the multireference character is in-
creased by elongation of the covalent bond in
one of the interacting monomers (see Figure 1
and Ref. 34 for details). Accurate description
of the interaction energy along the dissociation
coordinate has been shown to pose enormous
challenge not only for single-reference methods
but also methods providing multireference de-
scription of monomers.34,59 Interaction between
two hydrogen molecules, one of them undergo-
ing dissociation, emerges from interplay of the
long-range dynamic and nondynamic correla-
tion effects. Thus, it is a perfect model sys-
tem for our approach. In Figure 1 we compare
results obtained with single-reference (Hartree-
Fock and CCSD) and multireference (CAS and
GVB) wave functions in the aug-cc-pVTZ basis
set.
The exchange-dispersion energy calculated at
the Hartree-Fock level of theory is overesti-
mated by approximately 16% already in the
vicinity of the minimum (RH−H = 1.44 a0)
compared to the FCI benchmark. As ex-
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pected, the error rises rapidly when the H-
H bond is stretched. Somewhat surprisingly,
SAPT(CCSD) also overestimates by as much
as 7% near the equilibrium distance. Error
of this magnitude in the minimum region, to-
gether with the qualitatively wrong behavior
observed in the RH−H > 4.5 a0 regime, should
be attributed to two factors: the neglect of the
cumulant part in the exchange-dispersion ex-
pression, as well as approximations in the time-
independent CCSD propagators (in our calcu-
lations the CCSD(3)52 model was applied).
In contrast to the single-reference case, the
multireference description of the monomers
within the ERPA framework provides a quan-
titative agreement with the FCI benchmark.
With the GVB ansatz the relative percent er-
rors do not exceed −4.0% for the entire curve,
which corresponds to slight underestimation of
the exchange-dispersion energy. The choice of
the CAS(2,5) wave function for each hydrogen
molecule (notice that choosing only two active
orbitals in CAS, i.e. the (2,2) active space,
would make CAS wave function identical to
that of GVB) reduces the error to below 1.5%.
This level of accuracy matches the one reported
for the dispersion component.34
In Table 1 we present dispersion and
exchange-dispersion energies obtained for the
beryllium dimer near the equilibrium geometry
(4.7 a0). Our results show that the essential
part of both energy components is captured
already by the CAS(2,5) wave function for each
Be atom. Extension of the active space to 14
orbitals brings only a minor change of ca. 0.5%.
As discussed in Ref 34, the dispersion inter-
action in the beryllium dimer obtained at the
ERPA-CAS level of theory remains in excellent
agreement with the SAPT(CCSD) result. This
no longer holds for exchange-dispersion: while
the SAPT(CCSD) value is 3.327 mEh, our re-
sult based on the CAS(2,14) reference amounts
to 2.651 mEh.
The single-reference-based SAPT(CCSD)
value cannot be considered a benchmark for
the beryllium dimer. Taking into account that
the ERPA approximation yields accurate one-
electron response function for beryllium,35 we
expect that multireference ERPA-CAS calcu-
lations provide a more reliable estimate of the
exchange-dispersion energy in this system. The
remaining source of error in our approach is the
quality of the ERPA-based two-electron tran-
sition density matrices. Since each Be atom
is effectively treated as a two-electron system
(core electrons are kept frozen), we expect that
2-TRDMs are described with satisfactory accu-
racy, similar to the H2· · ·H2 case.
In Table 1 we also report the dispersion and
exchange-dispersion energy values for beryllium
dimer in the uncoupled approximation. Un-
fortunately, this approximation leads to signifi-
cant errors underestimating the dispersion con-
tributions by −21% and exchange-dispersion by
−34% with respect to coupled results.
With the HF description of the monomers,
for the exchange-dispersion energy one obtains
the value as high as 4.671 mEh thus deviat-
ing largely from both CAS and SAPT(CCSD)
values. The observed discrepancy reflects the
influence of static correlation effects, which
cannot be correctly accounted for in single-
reference calculations. It should finally be
noted that the HF exchange-dispersion energy
following from the formula proposed by Hessel-
mann et al.21 and implemented in the Molpro
package47 amounts to 2.237 mEh which acci-
dentally remains in better agreement with the
ERPA-based result.
The proposed formalism is valid not only
for ground states, but also when one or both
monomers are in excited states, on condition
that a zeroth-order wavefunction of a dimer
is not degenerate. To investigate the perfor-
mance of the ERPA-based approximation to the
exchange-dispersion energy for excited states,
we examine the He· · ·H2(X) complex, where X
denotes either the ground state (1Σ+g ) or one
of the two lowest singlet excited states (1Σ+u
and 1Πu) of the hydrogen molecule. The dimer
is kept in the T-shaped configuration in which
we vary the distance between He and the cen-
ter of mass of H2. The helium atom was de-
scribed with a CAS(2,2) reference, whereas for
the H2 molecule a CAS(2,8) wavefunction was
used. In the case of the He· · ·H2(
1Πu) dimer
we report results for the A′′ state, which cor-
responds to perpendicular orientation of the pi
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Figure 1: Exchange-dispersion energy at the Hartree-Fock (HF), GVB, CASSCF, CCSD and
FCI(S2) levels of theory for the H2· · ·H2 dimer in the T-shaped configuration. The intermolec-
ular distance is fixed at 6.21 a0. In one of the monomers the RH−H distance is varied from 1.37 to
9 a0 while in the other monomer the H–H bond is kept at a fixed distance of 1.44 a0. CAS(2,5)
refers to the active space of each monomer.
Table 1: Dispersion and exchange-dispersion energies (in mEh) at the coupled and uncoupled (UC)
levels of theory for the Be dimer at 4.7 a0 separation. All calculations were performed in the
aug-cc-pVTZ basis set.
Method Edisp EUCdisp Eexch−disp E
UC
exch−disp
CAS(2,5) −18.52 −12.64 2.636 1.789
CAS(2,14) −18.61 −14.77 2.651 1.745
HF −20.14 −18.30 4.671 1.626
SAPT(CCSD) −18.86 3.327
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orbital of H2 with respect to the plane of the
complex. The bond lengths assumed for the hy-
drogen molecule correspond to the equilibrium
values for the investigated states and they read
1.401 a0, 2.443 a0, and 1.951 a0, for 1Σ+g ,
1Σ+u ,
and 1Πu states, respectively. Figure 2 presents
the results for the exchange-dispersion energy
computed either exactly (“FCI” curves), i.e., by
describing monomers with FCI wave functions
and employing the expression shown in Eq. (1),
or approximately (“CAS” curves), which con-
sists of using CASSCF for monomers combined
with the proposed ERPA-based approximation
for the exchange-dispersion energy, Eqs. (18)-
(33). In addition, we present FCI results in the
S2 approximation (“FCI(S2)” curves, see also
Supporting Information for details).
First, let us compare the FCI and FCI(S2)
results. In general, the single-exchange approx-
imation is expected to fail at distances shorter
than the van der Waals minimum.32,33 As could
be inferred from Figure 2, the breakdown of the
S2 approximation is more rapid for both ex-
cited He· · ·H2(
1Σ+u ,
1Πu) states of the complex
than for the ground He· · ·H2(
1Σ+g ) state. This
is not surprising—the minimum in the ground-
state occurs at 6.4 a0, whereas in excited states
the interaction is considerably stronger and the
minima shift to ca. 3.7 a0 and 3.2 a0 for the 1Σ+u
and 1Πu and states, respectively.
Next, we assess the performance of the
ERPA-based approach. For the single-reference
dominated He· · ·H2(
1Σ+g ) state ERPA com-
bined with CAS remains in good agreement
with the FCI benchmark (Figure 2), with rela-
tive percent errors remaining in the 3−6% range
for the entire curve. In contrast, for both ex-
cited states of the dimer our method fails qual-
itatively. The discrepancy with respect to the
benchmark result is huge not only around van
der Waals minima, but also at larger distances
which shows that the single-exchange approxi-
mation is not the main source of error in this
case.
We have verified that the erroneous behavior
observed for excited states of H2 can be traced
to the fact that ERPA does not recover double
excitations in the orbital active space.35,60 For
H2 these excitations can only be described if
the diagonal elements of the response eigenvec-
tors61 are retained (see Supporting Information
for details). Notice that in the approximations
assumed to obtain the exchange-dispersion en-
ergy we only recover off-diagonal elements of
the transition density matrices, cf. Eq.(7). Con-
sequently, the response function and response
properties in dispersion components of the in-
teraction energy are impaired, since double ex-
citations are thrown out.
To illustrate the influence of double excita-
tions on the quality of exchange-dispersion in
this system, we discard them in the FCI lin-
ear response, meaning in practice that we ne-
glect the diagonal elements of the 1-TRDM’s.
The resulting exchange-dispersion energy is
plotted in the S2 approximation in Figure 2
(“mFCI(S2)” curves). For dimers in excited
states the mFCI(S2) curves are dramatically
different compared to the FCI(S2) ones and
they resemble ERPA-based CAS results. The
lack of double excitations in ERPA has much
lesser effect on the E(2)disp component—errors
with respect to FCI remain in the 8 − 30%
range for the He· · ·H2(
1Σ+u ) state of the dimer,
and in the 7− 12% range for the He· · ·H2(
1Πu)
state (see Figure S1 and Table S2 in the Sup-
porting Information). Taking into account that
E
(2)
exch−disp is small in comparison to E
(2)
disp, and
also the fact that the overall contribution from
double excitations is expected to be less pro-
nounced for many-electron systems than for the
hydrogen molecule,36 one can still expect that
the proposed ERPA-based approximations will
prove useful when applied to dispersion inter-
actions in excited systems.
4.2 Single-reference systems
In order to verify the accuracy of the exchange-
dispersion energies based on the ERPA re-
sponse for many electron monomers, we an-
alyze dimers from the TK21 data set.25 All
of them are single-reference systems, i.e., the
pertinent multiconfiguration wave functions are
dominated by a single determinant. Our re-
sults based on GVB and CASSCF descrip-
tion of the monomers are compared with the
SAPT(CCSD) benchmark.
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Figure 2: Exchange-dispersion energy (in µEh) at the FCI, FCI(S2) and CASSCF levels of theory
for the He· · ·H2(1
1Σ+g , 1
1Σ+u , 1
1Πu) dimer in the T-shaped configuration. Basis set used is d-aug-
cc-pVTZ. R denotes the distance between the helium atom and the center of mass of H2. Vertical
dotted lines mark positions of the van der Waals minima. The He atom and the H2 molecule are
described with CAS(2,2) and CAS(2,8) wave functions, respectively.
Table 2: Summary of error statistics (in percent) for the exchange-dispersion energy calculated
within coupled (Eexch−disp) and uncoupled (EUCexch−disp) approximations with Hartree-Fock (HF),
GVB and CASSCF references for dimers of the TK21 data set. Errors are given with respect to
the SAPT(CCSD) values.
Eexch−disp E
UC
exch−disp
HF GVB CAS HF GVB CAS
∆ −12.67 −18.66 −12.02 −16.49 −35.73 −43.19
σ 14.48 10.22 7.29 16.54 12.87 23.65
∆abs 17.68 18.66 12.22 21.78 35.73 43.19
∆max 27.42 38.24 25.64 33.33 61.56 87.93
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The relative percent error ∆ for each system
is calculated according to Eq. (34). In Table 2
we show the error statistics for the TK21 data
set using mean error ∆, the standard deviation
σ, the mean absolute error ∆abs, and the max-
imum absolute error ∆max as error measures.
The errors are also presented in terms of box
plots in Figure 3. In both Table 2 and Figure 3
the Hartree-Fock data are given for comparison.
As it is known, CASSCF wavefunctions are
constructed from a small number of active or-
bitals only to capture major static correlation
effects but they lack dynamic correlation. The
lack of intramonomer dynamic correlation in all
of the analyzed methods results in substantial
underestimation of the exchange-dispersion en-
ergy with absolute errors exceeding 12% (Ta-
ble 2). Treatment of the monomers at the
CASSCF level (∆ = −12.0%, ∆abs = 12.2%)
offers a modest improvement over the Hartree-
Fock wavefunction (∆ = −12.7%, ∆abs =
17.7%). Worth noting, however, is a nearly
twofold reduction in the standard deviation:
from σ = 14.5% in HF to σ = 7.3% in CASSCF.
GVB is inferior to both CAS- and HF-based
variants in terms of mean errors (∆ = −∆abs =
−18.7%), although the spread of errors (σ =
10.2%) is smaller than in the Hartree-Fock case.
As evident from both Table 2 and Figure 3,
the uncoupled approximation to the exchange-
dispersion energy leads to prohibitively large
errors in the ERPA-based approaches. This re-
mains in agreement with our previous results
for the dispersion components.34 A particularly
poor performance with errors above 80% is ob-
served for the CH4-CH4 and P2-P2 dimers (also
for methane-containing complexes in the A24
data set, see Table S7). In contrast, at the
HF level of theory the quality of the uncou-
pled exchange-dispersion energy is only slightly
worse than in the coupled formulation.
Finally, we observe that the errors in
exchange-dispersion energies reported in Ta-
ble 2 and Figure 3 are overall higher than
those of the second-order dispersion energy
presented in Ref. 34. For instance, the mean
absolute error for the TK21 data set in dis-
persion calculated using CASSCF description
of monomers amounts to 7.0% (cf. Table S5 in
Ref. 34) compared to 12.2% error in exchange-
dispersion (Table 2). Fortunately, it is expected
that some cancellation of error will occur, since
exchange-dispersion dampens only ca. 5− 15%
of the dispersion energy in the van der Waals
minimum, the components are of the opposite
signs, and both of them are underestimated
with respect to the CCSD benchmark. In
the aforementioned case the error of the to-
tal E(2)DISP = E
(2)
disp + E
(2)
exch−disp term amounts
to 5.9% (see Table S8 in the Supplementary
Information).
The accuracy of second-order dispersion en-
ergy components may suffer from both the
lack of intramonomer dynamic correlation in
monomer wave functions as well as from ap-
proximate treatment of one-electron TRDMs.
Compared to the dispersion contribution, the
exchange-dispersion energy expression requires
access to two-electron TRDMs, which in our
method are described within the REOM-ERPA
formalism. This additional approximation is
the most likely cause of larger errors for the
exchange-dispersion energies than for the dis-
persion ones.
5 Conclusions
We have presented a general formulation of the
second-order exchange-dispersion SAPT energy
in the single-exchange approximation applica-
ble to dimers, in which at least one of the in-
teracting monomers requires a description by a
multireference wave function. The derived for-
mula is based on employing the Rowe’s equa-
tion of motion formalism in the extended ran-
dom phase approximation to obtain one- and
two-electron response properties. The final for-
mula defined by Eq. (18)-(33) requires access to
only 1- and 2-TRDMs of the monomers. It is
valid for both ground and nondegenerate ex-
cited states of the monomers in spin singlet
states. The proposed approach was applied
in combination with either CASSCF or GVB
treatment of the interacting systems. This work
complements our recent study34 on the ERPA-
based variant of the second-order dispersion en-
ergy.
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We have analyzed the accuracy of our mul-
tireference approach for several model, few-
electron systems. For the H2· · ·H2 dimer,
in which static correlation effects are intro-
duced by stretching one of the H-H bonds,
the ERPA-based exchange-dispersion energy
remains in excellent agreement with the FCI
benchmark. As expected, results from single-
reference SAPT variants deviate from the FCI
reference in the strongly-correlated regime. In
a similar way, for the challenging case of
the beryllium dimer62 our approach based
on CAS(2,14) wave functions gives exchange-
dispersion energy which is substantially differ-
ent from both the HF-SAPT and SAPT(CCSD)
values.
Results for the lowest excited states of
the He· · ·H2 dimer (excitation localized on
the hydrogen molecule) demonstrate that the
exchange-dispersion energy based on REOM-
ERPA approximation may be qualitatively
wrong due to the lack of double diagonal ex-
citations. Nevertheless, the total dispersion
interaction, i.e. the sum of the second-order dis-
persion and exchange-dispersion components,
remains qualitatively correct, as the dominat-
ing polarization E(2)disp contribution is much less
affected by the missing excitations.
Excellent quality of exchange-dispersion en-
ergies obtained with our approach for ground-
state, few-electron dimers illustrates that it is
possible to recover intramonomer correlation ef-
fects in these molecules using either GVB ref-
erence or CAS wave functions with small active
spaces. However, for many-electron systems
a substantial amount of intramonomer corre-
lation is missing even if the monomers are de-
scribed at the CAS(n, n) (n active electrons on
n active orbitals) level of theory. This results
in sizeable errors in exchange-dispersion ener-
gies. For dimers of the TK21 and A24 data sets,
which do not include strongly correlated elec-
trons, ERPA combined with CASSCF affords
exchange-dispersion energies only slightly more
accurate than the Hartree-Fock-based SAPT.
The GVB-based results are slightly inferior to
both CASSCF and Hartree-Fock. Similar be-
havior was observed for the E(2)disp energy in
our previous work.34 It should be emphasized,
that the true target of the ERPA-based SAPT
variant, are many-electron systems of a mul-
tirefence character for which neither Hartree-
Fock nor other single-reference SAPT formula-
tions are reliable.
Evaluation of the density-matrix-based
exchange-dispersion formula in the ERPA ap-
proximation scales with the sixth power in
terms of the orbital basis size. The overall cost
of the calculation is dominated by steps scal-
ing as n3OCCn
3
SEC. The computational burden
may be significantly reduced by invoking the
uncoupled approximation which circumvents
diagonalization of the full ERPA eigenprob-
lem. Unfortunately, results for model systems
investigated both in this and in our previous
work indicate that the uncoupled approxima-
tion should be avoided in the EPRA-based
SAPT formulation, as it leads to prohibitevely
large errors. Thus, further development of the
proposed scheme aiming at computation cost
reduction should employ density fitting or de-
velopment of the local variant.
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